Abstract. Let Z be an analytic subvariety of pure codimension p of a pseudoconvex set X in C n . We introduce a formalism to generate weighted Koppelman formulas on Z that provide solutions to the∂-equation. We prove that if φ is a smooth (0, q + 1)-form on Z with∂φ = 0, then there is a smooth (0, q)-form ψ on Z reg with at most polynomial growth at Z sing such that∂ψ = φ. The integral formulas also admit new proofs of various known existence results for the∂-equation, and Hartog theorems for∂-closed forms.
Introduction
Let Z be an analytic subvariety of pure codimension p in a domain X in C n . A function on Z is (strongly) holomorphic, φ ∈ O(Z), i.e., a section of the structure sheaf O Z , if it is (locally) the restriction to Z of a holomorphic function in a neighborhood in X. Thus O Z = O/J , where J is the sheaf in X of holomorphic functions that vanish on Z. We say that φ is a smooth (0, q)-form on Z, φ ∈ E 0,q (Z), if there is a smooth form in a neighborhood of Z such that φ is its pull-back to Z reg . It is well-known that this is an intrinsic notion of the analytic space Z, i.e., it is independent of the particular choice of embedding of Z in C n . It was proved in [17] that if Z is a reduced complete intersection (see Example 1), φ is∂-closed in Z reg and smooth on Z, then (locally) there is a solution ψ to∂ψ = φ on Z reg . It has been an open question since then whether this holds for more general varieties. In this paper we prove that it is indeed true in general.
We introduce Koppelman formulas with weight factors on Z by means of which we can obtain intrinsic solutions operators for the∂-equation. We begin with a semi-global existence result. such that (1.1) φ(z) =∂Kφ(z) + K(∂φ)(z), z ∈ Z reg ∩ ω, φ ∈ E 0,q (Z), q > 0, and (1.2) φ(z) = K(∂φ)(z) + P φ(z), z ∈ Z reg ∩ ω, φ ∈ E 0,0 (Z).
Moreover, there is a number M such that
where δ(z) is the distance to Z sing .
The equality (1.1) is in the sense of intrinsic forms on the manifold Z reg ∩ ω. The distance is the one induced from the ambient space; up to constants it is independent of the particular embedding.
There is an integer N only depending on Z such that K : C (ii) If φ ∈ C k 0,0 (Z) and∂φ = 0 then φ is strongly holomorphic. Part (ii) is wellknown, [Ma] and [Sp] , but P φ provides an explicit holomorphic extension of φ to ω.
The existence result in [17] for a reduced complete intersection is also obtained by an integral formula, which however does not give an intrinsic solution operator.
The solutions we obtain are (probably) not smooth across Z sing in general, but it turns out that the difference of two such solutions is anyway∂-exact on Z reg if q > 1 and strongly holomorphic if q = 1. By an elaboration of these facts we can prove that each∂-closed smooth (0, q)-form φ on Z defines a class in H q (X, O/J ), and that φ is exact in Z reg if this class vanishes. In particular we have Theorem 1.3. Assume that Z is a subvariety of pure codimension p of a pseudoconvex domain X ⊂ C n . For any smooth (0, q)-form φ on Z, q ≥ 1, there is a smooth form ψ on Z reg such that∂ψ = φ.
We can use our integral formulas to solve the∂-equation with compact support. As usual this leads to Hartogs results for∂-closed forms in Z reg , i.e, the existence of∂-closed extension across Z sing , and in turn existence results in Z reg via Theorem 1.1. We then obtain the following vanising theorem, whose main part (i) was proved already in [25] by analyzing the Cech cohomology of the sheaf O/J . The sufficient condition in case q = 0 in (i) is not necessary. The precise condition is Serre's criterion, cf, Section 10. We also present a conjecture about an analogous criterion for solvability of∂ for q > 0.
We also have the following new vanishing result: Theorem 1.5. Assume that Z is a subvariety of pure codimension p of a pseudoconvex domain X ⊂ C n . If dim Z sing = 0 and q = dim Z, then for each smooth (0, q)-form on Z reg there is a smooth solution tō ∂ψ = φ.
The variety Z, or equivalently O/J , is Cohen-Macaulay if and only if ν = n−p = dim Z. In this case, thus ν −dim Z sing is the codimension of Z sing in Z. In particular, if Z sing is discrete there is an obstruction only when q = dim Z − 1.
In [13] is introduced a method to solve the∂-equation on Z based on resolutions of singularities and cohomological arguments. They obtain a solution in L 2 (Z) provided that the right hand side is a∂-closed (r, q)-form in L 2 (Z) that vanishes to high order on Z sing . One can also prescribe a certain degree of vanishing of the solution at Z sing . Surely the same method will give analogous results for L ρ (Z), ρ ≥ 1, and for other norms as well. By appropriate choices of weights in our Koppelman formula we also get such results: Theorem 1.6. Assume that Z is subvariety of pure codimension p of a pseudoconvex domain X ⊂ C n and ω ⊂⊂ X. Assume 1 ≤ ρ ≤ ∞ and
As in [13] one can replace Z sing by any analytic subvariety A of Z that contains Z sing . By a standard technique this theorem implies global results for a subvariety Z of a pseudoconvex domain.
In case Z sing is a single point more precise result are obtained in [22] and [12] . In particular, if φ has bidegree (0, q), q < dim Z, then the image of L 2 (Z reg ) under∂ has finite codimension in L 2 (Z reg ). See also [21] and [24] , and the references given there, for related results. There has also been work done on getting solutions with Hölder estimates.
In [11] , Fornaess and Gavosto show that, for complex curves, a Hölder continuous solution exists if the right hand side is bounded. Recently, certain hypersurfaces have also been considered, [23] . It might happen that our solution formulas could be useful for such questions, but we do not pursue this theme in this paper.
In [28] Tsikh obtained a residue criterion for a weakly holomorphic function (or even a meromorphic function) to be strongly holomorphic in case Z is a (reduced) complete intersection. This result was recently extended to a general variety in [4] . By formula (1.2) we get a new proof of this result and an explicit representation of the holomorphic extension.
The main ingredients in the construction of the integral operators K and P in Theorem 1.1 are a certain residue current R associated to the variety Z, that was introduced in [5] and [6] , and the integral representation formulas from [2] . We discuss the current R in Section 2, where the principal result is Proposition 2.2. In Section 3 we obtain the Koppelman formula as the restriction to Z of a certain global formula in X.
In Section 6 we compute our Koppelman formulas more explicitly in case Z is a reduced complete intersection. The resulting formula for P coincides with the representation formula by Stout [27] and Hatziafratis [15] when Z sing is discrete.
In case Z is an algebraic variety in C n we get a global version of Theorem 1.1; this is described in Section 7.
Acknowledgement We are indebted to Jean Ruppenthal and Nils Ovrelid for important remarks on an earlier version of this paper 2. A residue current associated to Z Let Z be our variety of pure codimension p in X. The Lelong current [Z] is a classical analytic object that represents Z.
for test forms ξ. If codim Z = 1, Z = {f = 0} and df = 0 on Z reg , then a simple form of the Poincare-Lelong formula states that
To construct integral formulas we will use an analogue of the current ∂(1/f ), introduced in [5] , for a general variety Z. It turns out that this current, contrary to [Z], also reflects certain subtleties of the variety at Z sing that are encoded by the algebraic description of Z. Let J be the ideal sheaf over X generated by the variety Z. In a slightly smaller neighborhood X of B one can find a free resolution
of the sheaf O/J . Here E k are trivial vector bundles over X and E 0 = C is the trivial line bundle. This resolution induces a complex of trivial vector bundles
that is pointwise exact outside Z. Let Z k be the set where f k does not have optimal rank. Then
and these sets are independent of the choice of resolutions, thus invariants of the sheaf F = O/J . The Buchsbaum-Eisenbud theorem claims that codim Z k ≥ k for all k, and since furthermore F has pure codimension p in our case, Z k ⊂ Z sing for k > p, and (see Corollary 20.14 in [10] )
The sets Z k describe in a sense the complexity of the singularites of Z.
There is a resolution (2.2) with N = m if and only if
The variety is Cohen-Macaulay, or equivalently, the sheaf F = O/J is Cohen-Macaulay if and only if Z k = ∅ for k ≥ p + 1. In this case we can thus choose the resolution so that N = p. Given Hermitian metrics on E k we defined in [5] a current U = U 1 + · · · + U n , where U k is a (0, k − 1)-current with values in E k , and a residue current with support on Z,
where R k is a (0, k)-current with values in E k , satisfying
Outside Z, the current U is a smooth form u and if F = f 1 , then U = |F | 2λ u| λ=0 and R =∂|F | 2λ ∧u| λ=0 . In case Z is Cohen-Macaulay and N = p in (2.2), then R = R p and R p is ∂-closed. Example 1. Assume that Z is a reduced complete intersection, i.e., defined by a = (a 1 , . . . , a p ) with da 1 ∧ . . . ∧da p = 0 on Z reg . Then the Koszul complex induced by a provides a resolution of O/J . Let e 1 , . . . , e p be a holomorphic frame for the trivial bundle A and consider a as the section a = a 1 e * 1 + a 2 e * 2 + · · · of the dual bundle A * , where e * j is the dual frame. Let E k = Λ k A, and let all the mappings f k in (2.2) be interior multiplication δ a with a. Notice that s a = jā j e j /|a| 2 is the minimal solution to δ a s a = 1 outside Z (with respect to the trivial metric on A). If we consider all forms as sections of the bundle Λ(T * (X)⊕A), see [5] , u k = s a ∧(∂s a ) k−1 . If F is any holomorphic tuple such that |F | ∼ |a|, then, see, e.g., [3] ,
i.e., the classical Coleff-Herrera product (times the basis element e 1 ∧ . . . ∧e p ). It is wellknown that
For further reference we also observe that
. . ∧∂ 1 a 1 as measures in Z reg when λ ց 0. This is easily verified since we may assume that a is part of a holomorphic coordinate system.
In [6] we introduced the sheaf of hypermeromorphic currents HM and pointed out that the currents U and R are hypermeromorphic. The sheaf HM is closed under∂ and multiplication with smooth forms. For each hypermeromorphic current µ and any Zariski-closed or open (or constructible) set A, there is a hypermeromorphic current µ| A , called the restriction of µ to A, that has support on the closure of suppµ ∩ A, and µ = µ| A + µ| X\A . Moreover, the operation µ → µ| A commutes with multiplication by smooth forms. If V is closed, i.e., an analytic variety, in X then µ = µ| V , i.e., µ| X\V = 0, if and only if the natural restriction of µ to the open set X \ V is zero. If h is a holomorphic tuple such that V = {h = 0}, then |h| 2λ µ, a priori defined when Re λ >> 0, has a current-valued analytic continuation to Re λ > −ǫ, and the value at λ = 0 is precisely µ| X\V . Moreover, if µ ∈ HM has support on a variety V , thenξ∧µ = 0 for each holomorphic form ξ that vanishes on V . This leads to Proposition 2.1. If µ ∈ HM with bidegree (r, p) has support on a variety V of codimension k > p then µ = 0.
If Z has codimension p and µ is hypermeromorphic with bidegree (r, p) and support on Z, it follows that µ| V = 0 for each variety V such that codim (V ∩ Z) ≥ p + 1. This is a way to express that µ has the so-called standard extension property, SEP. 
there. Moreover, there is a number M > 0 such that To be precise, γ k is a section of the bundle
. Part (iii) means that for each φ ∈ E 0,q (Z), we have an intrinsically defined current R∧φ.
Proof. In a neighborhood of a given point x ∈ Z reg we can choose coordinates (w ′ , w ′′ ) such that Z = {w
. Then J is generated by w ′′ j and the Koszul complex provides a (minimal) resolution of O/J there, and the corresponding residue current R = R p is just the Coleff-Herrera product formed from the tuple a = w ′′ , see Example 1 above. An arbitrary resolution at x will contain the Koszul complex as a direct summand, and it follows, see Theorem 4.4 in [5] again or Section 5 below, that therefore
where α is a smooth E p -valued form. It follows that we can take γ p as
To obtain a global form, for x ∈ Z reg , let L x be the orthogonal complement in (T (X) 1,0 ) x of (T (Z) 1,0 ) x (with respect to the usual metric in the ambient space). We can then modify τ so that it takes values in Λ p L without affecting (2.9), and γ p so defined is pointwise unique and hence a global smooth form on Z reg . For further reference we also notice that the norm of γ p will not exceed the norm of the locally defined form τ .
Outside Z k+1 there is a smooth (0, 1)-form α k+1 (with values in Hom (E k , E k+1 )) such that R k+1 = α k+1 R k , see [5] Theorem 4.4 again. It follows that we can take
The proof of the asymptotic estimate (2.10) is postponed to Section 5. Part (ii) follows from Proposition 2.1 and (2.4), see [6] . To see (iii), assume that Φ vanishes on Z reg . Since Φ is (0, q),
It follows that R k ∧Φ has support on Z sing . Thus
If h is a holomorpic tuple such that {h = 0} ∩ Z = Z sing (in fact, it is enough that {h = 0} contains Z reg and h is generically non-vanishing on Z), then the SEP of R means that (see [6] ) R = lim δ→0 χ(|h|/δ)R. It follows that for a smooth form ξ,
so the action of R on ξ is indeed a principal value on Z.
Construction of Koppelman formulas on Z
We now recall the construction of integral formulas in [2] . Following the last section in [2] we consider forms in X ζ × X z with values in the exterior algebra spanned by T * 0,1 (X × X) and the (1, 0)-forms dη 1 , . . . , dη n , where η k = ζ k − z k . On such forms interior multiplication δ η with
has a meaning. We introduce ∇ η = δ η −∂. Let g = g 0,0 + · · ·+ g n,n be a smooth form defined for z in V ⊂⊂ X and ζ ∈ X, such that g 0,0 = 1 on the diagonal ∆ in V × X (lower indices denote bidegree) and
Such a form will be called a weight with respect to V . Notice that if g and g ′ are weights, then g∧g ′ is also a weight. We will use one weight that has compact support in X, and one weight which gives a division-interpolation type formula with respect to the ideal sheaf J . Roughly speaking, the desired Koppelman formula is then obtained by taking the restriction to Z.
Example 2. If X is pseudoconvex and K is a holomorphically convex compact subset, then one can find a weight with respect to some neighborhood ω of K that has compact support (with respect to ζ) in X, see, e.g., Example 2 in [2] . Here is an explicit choice when K is the closed ball B. If s =ζ · dη/2πi(|ζ| 2 −ζ · z), then δ η s = 1 and
If χ is a cutoff function that is 1 in a neighborhood ω of B, then for each z ∈ V ,
is a weight depending holomorphically on z ∈ ω and with compact support in X ζ .
Let us fix global frames for the bundles E k in (2.3) over X. Then E k ≃ C rank E k , and the morphisms f k are just matrices of holomorphic functions. One can find (see [2] for explicit choices) (k − ℓ, 0)-formvalued Hefer morphisms, i.e., matrices, H ℓ k : E k → E ℓ depending holomorphically on z and ζ, such that H ℓ k = 0 for k < ℓ, H ℓ ℓ = I E ℓ , and in general,
Thus HU takes a section Φ of E 0 , i.e., a function, depending on ζ into a (current-valued) section HUΦ of E 1 depending on both ζ and z, and similarly, HR takes a section of E 0 into a section of E 0 .
If
is a locally integrable form that we refer to as the Bochner-Martinelli form, and
where [∆] is the (n, n)-current of integration over the diagonal in X ×X. Let g be any smooth weight (with respect to V ⊂⊂ X, but not necessarily holomorphic in z) and with compact support in X. For a smooth (0, q)-form Φ, we define
Here the lower index denotes degree in dη. To begin with we check that these definitions have meaning and that they only depend on the values of Φ on Z reg . Since B has bidegree ( * , * − 1) it then follows that KΦ is a (0, q − 1)-form and P Φ is (0, q)-form. If Φ is vanishing in a neighborhood of some given point x on Z reg , then B∧Φ is smooth in ζ for z close to x, and the integral is to be interpreted as the current R acting on a smooth form. It is clear that this integral depends smoothly on z ∈ Z reg . Let us then assume that Φ has support in a small neighborhood of x, in which R = γ¬ [Z] . Notice that (2.5) , and that
so it is integrable on Z reg for k ≥ p. Thus
is defined pointwise and depends continuously on z. It follows from Lemma 3.2 below that it in fact depends smoothly on z. It is also clear from (3.6) that the integral only depends on the pullback of Φ to Z reg . In the same way one gives a meaning to (3.4).
Proposition 3.1. Let g be any smooth weight in X with compact support in X. Then for any smooth (0, q)-form on Z we have
Proof. On a formal level the Koppelman formula follows from Section 7.4 in [2] by just restricting to z ∈ Z reg , but for a strict argument one must be careful with the limit processes. Let U λ = |F | 2λ u and
as smooth as we want by just taking Re λ large enough. If Re λ >> 0, then, cf., [2] p.325, g λ is a weight, and thus, cf., (3.2),
from which we get
As in [2] we get the Koppelman formula
for z ∈ V , and since g λ = HR λ when z ∈ Z reg we get
It is now enough to check that
have analytic continuations to Re λ > 0 and tend weakly to KΦ and P Φ, respectively, when λ ց 0. To this end, fix a point x on Z reg . If Φ vanishes identically in a neighborhood of x, then (3.10) is just the current R λ acting on a smooth form, and hence the continuation exists to Re λ > −ǫ and has the desired value at λ = 0. Therefore, we can assume that Φ has compact support in a small neighborhood of x where R = γ¬ [Z] . Let Ψ(z) be a test form of bidegree (n − p, n − p − q + 1). We have to prove that
is analytic for Re λ > 0 and tends to z∈Z Ψ(z)∧KΦ(z) when λ ց 0. For k ≥ p we have, as before, cf., (3.5) that
where T Ψ(ζ) is continuous. If a j = w ′′ j defines Z locally as in the proof of Proposition 2.2, then |F | ∼ |a|, and (see [5] )
where α, α k are smooth and u p is the form from Example 1. For Re λ > 0, the form R λ k is locally integrable, and in view of (2.8) we have that R λ k → R k as measures when λ ց 0. On the other hand, if 1 ≤ k < p, then
which tends to 0 when λ → 0. Finally, the case k = 0 is handled by dominated converence. The term (3.11) is treated in a similar way.
Notice that h(x) is continuous but not smooth in X in general. This lemma should be well-known, but for the reader's convenience we sketch a proof.
Proof. Notice that
with the convention that 1/| | 0 = log | |. Now take a smooth vector field L x = a(x) · (∂/∂x) that is tangential to V and let
Let α ℓ (x, y) denote any smooth function on R N ×R N that is O(|x−y| ℓ ) and let E ν denote any kernel that is of the form α ℓ /|x − y| ν+ℓ for some ℓ ≥ 0. One can verify that˜ Lα ℓ = α ℓ and it follows that˜
where L * is the formal adjoint of L. By repeated use of this equality it follows that we can apply k such vector fields fo g if ξ is in
it follows by induction and via a simple regularization of the kernel that all weak (tangential) derivatives of h up to order k are continuous. From this the lemma follows.
Proofs of Theorems 1.1 and 1.3
Proof of Theorem 1.1. If we choose g as the weight from Example 2 then P φ will vanish for degree reasons unless φ has bidegree (0, 0), i.e., is a function, and in that case clearly P φ will be holomorphic for all z in a ω. Now Theorem 1.1 follows from the Koppelman formula (3.7) except for the asymptotic estimate (1.3).
After a slight regularization we may assume that δ(z) is smooth on Z reg or alternatively we can replace δ by |h| where h is a tuple of functions in X such that Z sing = {h = 0}, by virtue of Lojasiewicz' inequality, [18] and [19] .
Let µ = HR. We have to estimate
when z → Z sing . To this end we take a smooth approximand of
In the first integral δ(ζ) ∼ δ(z) and since (2.9) holds here and the integrand is integrable we can use (2.10) and get the estimate δ(z)
for some M. In the second integral we use instead that µ has some fixed finite order so that the action can be estimates by a finite number of derivatives of
which again is like δ(z) −M for some M, since here
Thus we have |Kφ(z)| δ(z) −M .
Proof of Corollary 1.2. Suppose that ν is the order of the current R.
Since KΦ essentially is the current R acting on Φ times a smooth form, it is clear that the Koppelman formula remains true even if Φ is just of class C ν+1 in a neighborhood of Z. However, it seems to be a little more delicate matter to check that KΦ only depends on the pullback of Φ to Z. In order to copy the argument in the proof of Proposition 2.2 one may need (possibly just for technical reasons) some more regularity. After appropriate resolutions of singularities, the current R is (locally) the push-forward of a finite sum of simple current of the form
where α is smooth. If we choose N as the sum of the powers of the denominators then the argument will work. This follows from an inspection of the arguments in [6] but we omit the details. In general the number N is much higher than the order of R, as is illustrated by the examples in Section 6. In any case, for N large enough the corollary follows.
We now turn our attention to the proof of Theorem 1.3. A basic problem with the globalization is that we cannot assume that there is one single resolution (2.2) of O/J in the whole domain X. We therefore must patch together local solutions. To this end we will use Cech cohomology. Recall that if Ω j is an open cover of X, then a k-cochain ξ is a formal sum
where I are multi-indices and ǫ j is a nonsens basis, cf., e.g., [1] 
Notice that the relations (3.1) for the Hefer morphism(s) can be written simply as
Proof of Theorem 1.3. Let Ω j be a locally finite open cover of X with convex polydomains (Cartesian products of convex domains in each variable), and for each j let g j be a weight with support in a slightly larger convex polydomainΩ j ⊃⊃ Ω j and holomorphic in z in a neighborhood of Ω j . Moreover, for each j suppose that we have a given resolution (2.2) inΩ j , choice of Hermitian metric, a choice of Hefer morphism, and let (HR) j be the resulting current. If φ is a∂-closed (0, q)-form in X, then
is a solution in Ω j to∂u j = φ. We will prove that u j − u k is (strongly) holomorphic on Ω jk ∩ Z if q = 1 and u j − u k =∂u jk on Ω jk ∩ Z reg if q > 1, and more generally:
if k < q − 1 and ρu q−1 is a (strongly) holomorphic q-cocycle.
The holomorphic q-cocycle ρu q−1 defines a class in H q (X, O/J ) and if X is pseudoconvex this class must vanish, i.e., there is a holomorphic q − 1-cochain h such that ρh = ρu q−1 . By standard arguments this yields a global solution to∂ψ = φ. For instance, if q = 1 this means that we have holomorphic functions
We thus have to prove Claim I. To begin with we assume that we have a fixed resolution with a fixed metric and Hefer morphism; thus a fixed choice of current HR. Notice that if
With g λ as in Section 3, and in view of (3.2), we have
However, the last term must vanish since [∆] has full degree in dη and g jk has at least degree 1. Therefore
and as before we can take λ = 0 and get, assuming that∂φ = 0,
Since g jk is holomorphic in z in Ω jk it follows that u j − u k is (strongly) holomorphic in Ω jk ∩ Z if q = 1 and∂-exact on Ω jk ∩ Z reg if q > 1.
Claim II Assume that we have a fixed resolution but different choices of Hefer forms and metrics and thus different
where A I are currents onΩ I with support onΩ I ∩ Z and holomorphic in z in Ω I , such that
In particular we have currents a jk with support on Z and such that ∇ η a jk = a j − a k inΩ jk . If
Notice that w jk is a globally defined current. By a similar argument as above (and via a suitable limit process) one gets that
in Ω jk as before. In general we put
If a I is a form onΩ I , then a I ∧ǫ ′ I is a well-defined global form. Therefore,
has globally defined coefficients and
In fact, since A and g ′ have even degree,
By the yoga above then the k-cochain
Thus ρu k =∂u k+1 for k < q − 1 whereas ρ∧u q−1 is a holomorphic q-cocycle as desired.
It remains to consider the case when we have different resolutions in Ω j . For each pair j, k choose a weight g s jk with support inΩ jk that is holomorphic in z in Ω s jk = Ω jk . By Theorem 3 Ch. 6 Section F in [14] we can choose a resolution inΩ s jk =Ω jk in which both of the resolutions inΩ j andΩ k restricted to Ω s jk are direct summands. Let us fix metric and Hefer form and thus a current a s jk = (HR) s jk in Ω s jk and thus a solution u s jk corresponding to (HR) s jk ∧g s jk . If we extend the metric and Hefer form fromΩ j in a way that respects the direct sum, then (HR) j with these extended choices will be unaffected, cf., Section 4 in [5] . OnΩ js jk we therefore practically speaking have just one single resolution and as before thus u j − u s is holomorphic (if q = 1) and∂u js jk if q > 1. It follows that u j − u k = u j − u s + u s − u k is holomorphic on Ω jk if q = 1 and equal to∂ of u jk = u js jk + u s jk k if q > 1. We now claim that each 1-cocycle (4.6)
Oñ Ω s jkl =Ω jkl we can choose a resolution in which each of the resolutions associated with the indices s jk , s kl and s kj are direct summands. It follows that u js jk + u s jk s jkl + u s jkl j is holomorphic if q = 2 and∂u js jk s jkl if q > 2. Summing up, the statement about (4.6) follows. Continuing in this way Claim I follows. It remains to prove Claim II. It is not too hard to check by an appropriate induction procedure, cf., the very construction of Hefer morphisms in [2] , that if we have two choices of (systems of) Hefer forms H j and H k for the same resolution f , then there is a form H jk such that
More generally, if
(the difference in sign between (4.7) and (4.8) is because in the latter one f is to the right of the basis elements). Elaborating the construction in Section 4 in [5] , cf., Section 8 in [1] , one finds, given
We now define a product of forms in the following way. If the multiindices I, J have no index in common, then (ǫ I , ǫ J ) = 0, whereas
We then extend it to any forms bilinearly in the natural way. It is easy to check that
Using (4.8) and (4.9) (and keeping in mind that H k and R ℓ have odd order) one can verify that
By a similar argument one can finally check that
will satisfy (4.5). Thus Claim II and hence Theorem 1.3 is proved.
Remark 1. In case Z sing is discrete there is a much simpler proof of Theorem 1.3. To begin with we can solve∂v = φ locally, and modifying by such local solutions we may assume that φ is vanishing identically in a neighborhood of Z sing . Take an exhausting sequence of holomorphically convex compacts K ℓ in X. By Theorem 1.1 we can solve∂u ℓ = φ in a neighborhood in Z of K ℓ ∩Z and u ℓ will be smooth. Thus u ℓ+1 −u ℓ is smooth and∂-closed in a neighborhood in Z of K ℓ ∩Z (if q > 1). and therefore there is a solution w ℓ to∂w ℓ = u ℓ+1 − u ℓ in a neighborhood of K ℓ in Z reg . One now gets a global solution by a standard argument. If q = 1, then u ℓ+1 − u ℓ is strongly holomorphic and then the global solution follows by a Mittag-Leffler type argument.
The asymptotic estimate
To catch the asymptotic behaviour we have to globalize the proof of the first part of Proposition 2.2.
Since the functions f j 1 generate the ideal J , given any fixed point x on Z reg we can extract h 1 , . . . , h p from f j 1 such that dh 1 ∧ . . . ∧dh p = 0 at x. After a reordering of the variables we may assume that ζ = (ζ ′ , ζ
Outside the hypersurface {H = 0} we can (locally) make the change of coordinates
Moreover, ∂ ∂ω
where A jk are global holomorphic functions. Therefore, anywhere outside {H = 0} we have that
Proposition 5.1. Given a point x ∈ Z reg , there is a hypersurface
where τ is smooth outside Y and τ = O(H −M ) for some M > 0.
It follows from (5.1) and (5.2), cf., the proof of Proposition 2.1, that
With a finite number of such choices H j we have that
and thus
where H = (H 1 , . . . , H ν ). However |H| ≥ δ N for some N and hence (2.10) follows for k = p.
The denominator of the matrix α k (ζ) for k > p (cf., the proof of Proposition 2.2) is the modulus square of a tuple of subdeterminants of the matrix f k , see [5] , and hence α k has polynomial growth when ζ → Z k+1 ⊂ Z ∩ {H = 0}. In view of (2.11) thus (2.10) holds for all k.
It remains to prove Proposition 5.1. We begin with the following simple lemma. 
Suppose that the holomorphic r-columns F = (F 1 , . . . , F m ) andF = (F 1 , . . . ,Fm) are minimal generators of the same sheaf at x. It is wellknown that thenm = m and there is a holomorphic invertible m × mmatrix a at x such thatF = F a. Claim I If F,F have meromorphic extensions to X, then we may assume that a has as well.
Proof. By Lemma 5.2 we have global meromorphic matrices a and b, holomorphic at x, such thatF = F a and F =F b. Thus F = F ab, and since F is minimal, it follows that ab = I + α where the entries in α belong to the maximal ideal at x, i.e., α(x) = 0. Therefore the matrix I + α is invertible at x, and so b(I + α) −1 is a meromorphic inverse to a that is holomorphic and an isomorphism at x.
Assume that F is a coherent sheaf in X of codimension p at x and let O(E k ), f k and O(Ẽ k ),f k , k = 0, . . . , p, be two minimal free resolutions of F at x ∈ X. Moreover, assume that all f k ,f k have meromorphic extensions to X. By iterated use of Claim I we get:
holomorphic at x and with meromorphic extensions to X such that g k−1 f k =f k g k Assume for simplicity that E 0 =Ẽ 0 . Outside some hypersurface Y all the mappings f k ,f k , g k are holomorphic, and there we have welldefined currents R p andR p , andR p = g p R p there, cf., Section 4 in [5] . Since the codimension is p and the complexes end up at p the residue currents R p andR p are independent of the choice of Hermitian metrics. Now let O(E k ), f k be an arbitrary free resolution of F in X. It is wellknown that, given x ∈ X, there is locally a holomorphic decomposition
k is a free resolution of 0. In other words, if we fix global holomorphic frames e k for E k to begin with, then there are holomorphic G k with values in GL(rank E k , C) such that the first rank E ′ k elements in e k G k generate E ′ k whereas the last ones generate E ′′ k . We claim, as the reader may expect at this stage, that Claim III The G k can be assumed to have meromorphic extensions to X.
Proof of Claim III.
We proceed by induction. Suppose that we have found the desired decomposition up to E k and consider the mapping f k+1 expressed in the new frame of E k and the original frame for E k+1 . Thus (the matrix for) f k+1 is holomorphic at x and globally meromorphic. Choose a minimal number of columns of f k+1 such that the restrictions to E ′ k generate the stalk of Ker f k at x. After a trivial reordering of the columns we may assume that
there is a meromorphic matrix a, holomorphic and invertible at x, such that Φ ′ = f ′ k+1 a. Therefore we can make the meromorphic change of frame
We now claim that
By the lemma again we can then find a meromorphic matrix a, holomorphic and invertible at x such that Ψ = f ′′ k+1 a, and then after a similar meromorphic change of frame as before we get that the mapping f k+1 has the matrix f
in the new frames. Thus it remains to check (5.3) which is indeed a statement over the local ring O x and therefore "wellknown". In any case, for each z ∈ Ker f ′′ k we can solve f
Since f ′ k+1 is minimal this implies that ξ is in the maximal ideal at x and hence Ψξ is in the maximal ideal. Thus we can solve f 
with respect to the new frame, and hence we obtain the matrix forR p with respect to the original frame after multiplying with the matrix G p . Notice that outside Z p+1 , the image of f p+1 is a smooth subbundle H of E p , and let π be the orthogonal projection onto the orthogonal complement (with respect to the original metric) of H. Then, cf., [5] ,
T , and since π does not increase norms, the estimate in Proposition 5.1 follows.
Examples
We explain what the currents U and R and our Koppelman formulas mean in the case of a reduced variety defined by a complete intersection. For certain cusp singularities in C 2 we make explicit computations and we analyze our formula in more detail.
Let f 1 , . . . , f p be holomorphic functions, defined in a suitable neighborhood X ofB, and assume that Z = {f 1 = · · · = f p = 0} has codimension p and df 1 ∧ . . . ∧df p = 0 on Z reg , cf., Example 1. Then R = R p is given by (2.6) (and f replaced by a).
Let h j be Hefer (0, 1)-forms so that δ η h j = f j (ζ) − f j (z) and let h = h j ∧e * j ; recall that they are sections of Λ(A * ⊕ T * (X)). The Hefer morphisms H ℓ k can be described as interior multiplication with h k−ℓ /(k − ℓ)! and a straightforward computation shows that
According to the proof of the Koppelman formula(s) above, our solution operator to∂ on Z reg is
and the projection operator is
Here g is the weight g = χ(ζ) −∂χ(ζ)∧(s/∇ η s) from Example 2 and that B is the Bochner-Martinelli form.
In particular, the right hand side of (6.1) is a quite simple representation formula for a strongly holomorphic function φ on Z.
If Z sing is discrete and avoids the boundary ∂B of the ball and furthermore Z intersects ∂B transversally, then we get back the representation formula for strongly holomorphic functions of Stout [27] and Hatziafratis [15] . In fact, if γ is the (p, 0)-vector field with minimal norm so that γ¬df p ∧ · · · ∧df 1 = (2πi) p , then, cf., (2.9), by a simple limit process (or Stokes' theorem) we get the representation
Let us consider the case p = n − 1, i.e., Z is a complex curve, more closely. For some function A(z, ζ) we have
and A| Z can easily be read off from
The last equality follows since
In particular, we see that A| Z (z, ζ) is meromorphic and that its only singularity is of the first order along the diagonal. Similar considerations apply to Kφ and in this way our Koppelman formula gives the following Cauchy formula for the curve Z.
Proposition 6.1. If φ is a strongly smooth function then
where the second integral is to be interpreted as a principal value at Z sing . Moreover, if φ is a smooth (0, 1)-form, then
To be even more concrete, let Z be the cusp f (z) = z
, where r and s are relatively prime integers and 2 ≤ r < s. One readily checks that h = 1 2πi
The expression for h and the method to compute A above then give
We can use the parametrization τ → (τ s , τ r ) = (ζ 1 , ζ 2 ) to express the Cauchy formula. If ρ is the positive root to x 2r + x 2s = 1, i.e., so that |τ | = ρ corresponds to Z ∩ ∂B, then Proposition 6.1 yields
for smooth functions Φ. For weakly holomorphic Φ we also have
for ǫ < |t| < ρ. Thus, Φ is strongly holomorphic if and only if the second integral tends to zero. In particular, z r−1 1 /z 2 is not strongly holomorphic. Moreover, by Taylor expanding (τ rs − t rs )/((τ r − t r )(τ s − t s )) with respect to τ /t and letting ǫ → 0, the above formula shows that any weakly holomorphic Φ can be written
where h is strongly holomorphic and the b kℓ are constants. It is then fairly easy to show that any weakly holomorphic function, that is not strongly holomorphic, cannot be more differentiable then z r−1 1 /z 2 , see [7] . To determine the number of continuous derivatives needed for a weakly holomorphic function to be strongly holomorphic one should thus compute precisely how smooth z r−1 1 /z 2 is. Becker-Polking, [7] , claim that ⌈s(r − 2)/r⌉ continuous derivatives suffice. This suggests a misprint since it is not correct for r = 2. It is likely that they mean ⌈s(r − 2)/r⌉ + 1.
We conclude this section by illustrating how one can obtain weighted solution formulas with respect to the distance to Z sing . On Z we have that |z 2 | = |t| r is comparable to the distance to the origin. For ℓ ≥ 0 we can incorporate the weight (ζ 2 /z 2 ) ℓ in our Koppelman formula and this gives the following weighted solution formula
which then requires less smoothness of Φ. For ℓ < 0, see Section 8.
Algebraic sets in C n
If Z is an algebraic set in C n of pure codimension p we have a global Koppelman formula. Let J be the radical ideal in the polynomial ring C[z 1 , . . . , z n ] that corresponds to Z. Following [5] Section 7 we have a residue current R associated to Z as before, and moreover this current has a current extension to projectice space P n . In this case we choose the weight
in C n with respect to the point z. Moreover, one can find Hefer morphisms H k that are polynomials. If Φ is a smoooth (0, q)-form in C n such that a finite number N of its derivatives has just polynomial growth; the number N depends on the order of the current R at infinity, then for a large enough natural number µ we obtain the Koppelman formula(s)
Here the integrals are to be interpreted as currents acting on (sufficiently) smooth forms on P n . For the necessary limit processes, see [5] and Section 3 above. As before, KΦ only depends on the values of Φ on Z. By an appropriate choice of µ we get the following: 
Solutions formulas with weights
Our Koppelman formulas admits choices of extra weight factors. This is used in the proof of Theorem 1.6.
Let A be any subvariety of Z that contains Z sing , in particular A may be Z sing itself. Let a be a holomorphic tuple in X such that {a = 0} ∩ Z = Z sing . Let H a be a holomorphic (1, 0)-form in X such that
If φ is a (0, q)-form that vanishes in a neighborhood of A then we can incorporate the weight
in our Koppelman formula, i.e., we use the weight g µ a ∧g in (3.7), where g is the usual weight with compact support that is holomorphic in z.
It is easily checked that if To begin with we assume that Z is defined in a neighborhood of the closed unit ball B. Since the depth of O/J is at least ν we can choose, see, e.g., [10] , a resolution (2.2) with N = n − ν, and the associated residue current then is R = R p + · · · + R n−ν . Also notice that∂R n−ν = 0. The assumption that f = 0 in a neighborhood of 0 is not essential, it just ensures that u is smooth even across Z sing .
Proof. First notice that if q = ν and∂u = f where u is smooth and has compact support, then R n−ν ∧f ∧h = d(R n−ν ∧u∧h) and since then R n−ν ∧u∧h has compact support, (9.1) must hold.
Let χ be a cutoff function that is 1 in a neighborhood of the support of f and with support in B δ . Let g be the weight from Example 2 with this choice of χ but with z and ζ interchanged. It does not have compact support with respect to ζ, but since f has compact support itself we still have the Koppelman formula (3.7). Clearly u(z) = (HR∧g∧B) n ∧f has support in B δ , and it follows from Koppelman's formula that it is indeed a solution if
vanishes. If now q < ν, then this integral vanishes since then R n−q = 0. If p = ν, then P φ vanishes if (9.1) holds, keeping in mind that H is holomorphic in the ball. Since f = 0 in a neighborhood of 0 in Z it is clear that u = Kf is smooth in a neighborhood in B of 0.
As usual this leads to the existence of∂-closed extensions. Notice that the last condition holds for all such χ if it holds for one single χ. If Z intersects the boundary of B δ reasonably, then the condition can be expressed as
Proof. Let χ as in the proposition with δ slightly smaller than ǫ, so that it has support in B ǫ . Then (1 − χ)φ is a smooth extension of φ and by Proposition 9.1 there is a smoooth form v with support in Z ∩ B ǫ such that∂v =∂χ∧φ if q ≤ ν − 2 or q ≤ ν − 1 and (9.1) holds. Now Φ = (1 − χ)φ + v is the desired smooth∂-closed extension.
We formulated the previous results for the ball just for simplicity.
Example 3. Let Z be an analytic subvariety of of pure codimension p of a pseudoconvex domain X and assume that K ⊂ X is a compact set such that Z \ K is connected. Assume furthermore that Z sing is discrete and contained in K. Let χ be a cutoff function that is 1 in a neighborhood of K. If φ is holomorphic in Z \ K, then there is a strongly holomorphic extension across K if and only if
for all holomorphic (n, 0)-forms h in X. This is obtained in the same way by just choosing a weight g with respect to the holomorphically convex hullK of K in X, cf., Example 2.
In particular, if Z is normal, then by Serre's criterion, cf., Section 10, ν ≥ 2, i.e., R n−1 = 0, and thus (9.3) is trivially fulfilled.
We now consider the case when Z sing has positive dimension. Locally we have an analogue of Proposition 9.1. Proposition 9.3. Let x ∈ Z sing and let a be a holomorphic tuple such that Z sing = {a = 0} in a neighborhood of x. Denote by d ′ the dimension, and by p + r the codimension in C n , of Z sing . Assume that f is a smooth∂-closed (0, q)-form in a neighborhood of x with f = 0 close to Z sing and with f supported in {|a| < t} for some small t.
then one can find such a solution if and only if
Proof. Let χ a be a cut-off function in C n , which in a neighborhood of x satisfies that χ a = 1 in a neighborhood of the support of f and χ a = 0 in a neighborhood of {|a| ≥ t}. Let also H a be a holomorphic (1, 0)-form, as in the previous section, and define
Then g a is a smooth weight for ζ in the support of f . Close to x we can choose coordinates (z
Since f is supported close to Z sing we can choose a function χ = χ(ζ ′ ), which is 1 close to x and f χ has compact support. Let now g = χ −∂χ ∧ s/∇ η s be the weight from Example 2 but built from z ′ and ζ ′ . Our Koppelman formula now gives that
has the desired properties provided that the obstruction term
vanishes. Since g is built from ζ ′ , g has at most degree d ′ in dζ. Moreover, HR has at most degree n − ν in dζ and g a has no degree in dζ.
) n ∧ f cannot have degree n in dζ and so P f = 0 in that case. This proves (i).
To show (ii), note that if q = ν − d ′ , then we have
Now, H and g a depend holomorphically on ζ and g d ′ is∂-closed since it is the top degree term of a weight. Also, g has compact support in the ζ ′ -direction, so supp(g) ∩ {|a| ≤ t} is compact and thus P f = 0 if (9.4) is fulfulled. On the other hand, it is clear that the existence of a solution with support in {|a| < t} implies (9.4). Proof of Theorem 1.4. We first assume that X = B and Z has the single singular point 0. If q = 0 < ν − 1 or q = 0 = ν − 1 and (9.1) holds, then it is clear from Proposition 9.2 that φ is strongly holomorphic.
Fix r < 1 and let K ℓ = Z ∩ (B r \ B 1/ℓ ). If now q < ν − 1, or q = ν − 1 and the extra condition is fulfilled, it follows from Proposition 9.2 that φ has a smooth∂-closed extension Φ ℓ to B r ∩Z that coincides with φ in a neighborhood of K ℓ , and by Theorem 1.1 we therefore have a smooth solution u
ℓ is a∂-closed (0, 0)-form in a neighborhood of K ℓ and since now 0 < ν − 1 we know that it has a strongly holomorphic extension w ℓ . In fact, our integral formula provides a holomorphic extension to a whole ball B r . If we let u 1 = u ′ 1 and u k+1 = u ′ k+1 − w k it follows that u k+1 = u k on K k and hence u k define a global solution in B r ∩ Z reg . If q > 1 we get instead that u ′ ℓ+1 − u ′ ℓ =∂v ℓ in a neighborhood of K ℓ and we get the desired (semi-)global solution in a similar way.
Assume now that Z is a subvariety of a manifold X and with arbitrary singular set. Arguing as in the proof of the case dim Z sing = 0 above, we can conclude from Proposition 9.3: Given a point x there is a neighborhood U such that if φ is a∂-closed smooth (0, q)-form in U ∩Z reg , 0 ≤ q < ν −d ′ −1, then φ is strongly holomorphic if q = 0 and exact (in a possibly slightly smaller neighborhood U ′ of x) if q ≥ 1. We define the analytic sheaves F k by F k (U) = E 0,k (U ∩ Z reg ) for open sets U ⊂ X. Then In particular the tuple a(z) = z ′ has 0 as common zero set. Let U ℓ = {|a| < 2 −ℓ } ∩ U. We claim that if f is a smooth (0, d)-form in U ℓ \ {0}, with support in U ℓ , then there is a smooth form v ℓ such that f −∂v ℓ has support in U ℓ+1 and v ℓ together with its derivatives up to order ℓ are bounded by 2 −ℓ outside U ℓ .
From the beginning we assume that φ has support in U 1 . Taking the claim for granted we choose inductively f as φ −∂v 1 − . . . − v ℓ−1 , and we then obtain a solution v = v 1 + v 2 + . . . in U \ {0} to∂v = φ.
To see the claim we use the weight (8.1) but with z and ζ interchanged, i.e., g µ = (σ(z) · a(ζ) +∂σ(z) · H 1 ) µ , where σ =ā/|a| 2 . After a small modification we may assume that f vanishes identically in a neighborhood of 0. Then since f has support in U ℓ , Kf (z) = (HR∧g µ ∧B) n ∧f together with a finite number of derivatives will be small outside U ℓ if µ is chosen large enough. As before it is smooth since f = 0 close to Z sing . Moreover it is a solution, because P f (z) = (HR∧g µ ) n ∧f will vanish for degree reasons since∂σ 1 ∧ . . . ∧∂σ n−p = 0. Finally assume that X is a general pseudoconvex domain. Since we cannot solve∂ for q < d we cannot use the same technique to globalize. However, since Z sing is discrete there is a simple direct way: Since we can solve∂u = φ in a neighborhood of each singular point, we can find a global u such that f = φ −∂u is smooth and vanishes in a neighborhood of Z sing . By Theorem 1.3 we can solve∂v = f on Z reg and thus∂(v + u) = φ in Z reg .
Meromorphic and strongly holomorphic functions
A meromorphic function φ on Z can be represented by a meromorphic Φ in the ambient space that is generically holomorphic on Z reg . Let R be the residue current associated with Z. We show in [4] that Rφ is well-defined for any meromorphic φ. In fact, it can be defines as the analytic continuation to λ = 0 of the current |h| 2λ ΦR, if Φ is a representative of φ in the ambient space and h is a holomorphic function in X such that hΦ is holomorphic and generically non-vanishing on Z. One also has a well-defined current
with support on the pole set P φ of φ. In [4] we proved the following result that generalizes a previous result by Tsikh in the case of a complete intersection, see [28] and [16] .
Theorem 10.1. If φ is meromorphic on Z, then φ is strongly holomorphic if and only if R∧∂φ = 0.
By our Koppelman formula we can give a proof that provides an explicit analytic extension of φ to X.
Proof. Assume that φ is meromorphic on Z and let Φ be a representative. For Re λ >> 0 we have from Theorem 1.1, |h(z)| 2λ Φ(z) = |h| 2λ HRΦ∧g + ∂ |h| 2λ ∧HRΦ∧g∧B.
For z ∈ Z reg \ {h = 0}, we can take λ = 0 and we get (after choosing various representations Φ of φ) the formula φ(z) = HRφ∧g + H(R∧∂φ)∧g∧B, z ∈ Z reg \ P φ .
Thus, if R∧∂φ = 0 it follows that φ(z) generically is equal to the first term on the right hand side which is a strongly holomorphic function.
Remark 2 (A conjecture). If φ is weakly holomorphic then P φ ⊂ Z sing so R∧∂φ has support on Z sing . Since R∧∂φ is a HM-current it follows for degree reasons that it must vanish if (10.1) codim Z sing ≥ 2 + p, codim Z k ≥ 2 + k, k > p, see [4] . This means that all weakly holomorphic functions are indeed strongly holomorphic if (10.1) is fulfilled. One can check that (10.1) is equivalent to the conditions R1 and S2 in Serre's criterion, see, e.g., [10] . Therefore (10.1) is indeed equivalent to that all (germs of) weakly holomorphic functions are holomorphic, i.e., Z is a normal variety. Suppose that φ is a smooth∂-closed (0, q)-form in Z reg and assume that φ admits some reasonable extension across Z sing so that R∧∂φ is a hypermeromorphic current. Arguing as above it then follows that R∧∂φ must vanish if (10.2) codim Z sing ≥ 2 + q + p, codim Z k ≥ 2 + q + k, k > p, which is (equivalent to) the conditions R q−1 and S q . The Koppelman formula would then produce a solution to∂ψ = φ on Z reg . One could therefore conjecture that the Dolbeault cohomology groups H 0,ℓ (Z reg ) vanish for ℓ ≤ q if (and only if?) (10.2) holds.
